THE SIZES OF THE INTERSECTIONS OF TWO 
UNITALS IN PG(2,g2) 
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o 

^SJ . Abstract. We show that the size of the intersection of a Hermit- 

ian variety in PG(n,(7^), and any set satisfying an r-dimensional- 
subspace intersection property, is congruent to 1 modulo a power 
of p. In particular, in the case where n = 2, if the two sets are a 

O^ . Hermitian unital and any other unital, the size of the intersection 

is congruent to 1 modulo ^ or modulo y^. If the second unital 

^\ , is a Buekenhout-Metz unital, we show that the size is congruent 

r \\ to 1 modulo q. 

-(— > 
^. 

1. Introduction 

A unital is any 2-design with parameters of the form (n^ + l,n+l, 1). 
►^ , That is, we have a set P of f = n^ + 1 points and a collection i3, the 

O ! blocks, of subsets of P, having the following two properties: Each block 

^ ' has size fc = ra + 1; and any two points are jointly contained in exactly 

one block. A unital U is embedded in a finite projective plane of order 
j^^ , g^ if it is a set of g^ + 1 points of the plane with the property that every 

O \ line of the plane intersects exactly 1 or g + 1 points of U . In this paper 

we are interested in unitals which are embedded in PG(2,g^), q = p*, 
for some prime p. 

The classical or Hermitian unital is a Hermitian variety, the set of 
rS I zeroes of a unitary form. Such forms on ¥^2 are projectively equivalent 

c^ ■ to 

over F^2, the field with g^ elements. More generally, we are also inter- 
ested in Hermitian varieties in PG(ra, g^), which are projectively equiv- 
alent to ^"=0 ^i'*'^ = 0- 

Buekenhout and Metz proved the existence of nonclassical unitals in 
the 1970s [TU]. Around 1990 Baker and Ebert generalized Buekenhout's 
and Metz's construction to describe a two-parameter family of unitals 
Ua,b = {(0, 1, 0)} U {{x, ax^ + 6x^+^ +r,l) : X e ¥^2 and r G FJ, in 
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any desarguesian plane of square order, where a,b E ¥^2 meet some 
condition and g > 2 [21 HI E] ■ We call these unitals Buekenhout-Metz 
unitals, or B-M unitals. A B-M unital is Hermitian if and only if a = 0. 
The construction is summarized in Section [3l 

When q is is an odd power of 2, there is one nonclassical ovoid known 
in PG(3, q), the Tits ovoid. By replacing the elliptic quadric in the B-M 
construction by a Tits ovoid, we get one more projective equivalence 
class of unitals in PG(2,g^). At present there are no other unitals 
known in desarguesian planes. For more information about unitals, we 
refer the reader to [1]. 

Kestenband [S] showed that if Hi and H2 are Hermitian unitals in 
FG{2,q'^),then\HinH2\ E {l,q+l,q^-q+l,q'^+l,q'^+q+l,q'^+2q+l}, 
and also determined the possible intersection configurations. Note that 
the sizes are all congruent to 1 modulo q. Baker and Ebert |2] then 
proved that the size of the intersection of a Hermitian unital with the 
special type of B-M unital having 6 = is congruent to 1 modulo p. 
They also conjectured that the size of the intersection of any unital 
with a Hermitian unital would turn out to be congruent to 1 modulo q. 
Blokhuis, Brouwer, and Wilbrink [5] soon proved that the size of this 
intersection is congruent to 1 modulo p, by showing that the Hermitian 
unital is in the code of lines of PG(2, g^). In this article we prove the 
following theorem. 

Theorem 1. Let H be a Hermitian unital embedded in PG(2,g^) and 
let U be any other unital embedded in PG(2,g^), where q = p^ , and p 
is a prime. Then 

\Hr\U\ = l (modpr*/2l)^ 

Moreover, if U is a Buekenhout-Metz unital, then 

\Hr]U\ = l (mod g). 

We should note that if neither Ui nor U2 is Hermitian, then nothing 
particular can be said about |[/i fl [/2|- A computer check of the inter- 
section sizes of pairs randomly chosen from the known non- Hermitian 
unitals reveals no particular pattern. 

2. Hermitian vs. arbitrary unital 

In this section we obtain the first part of Theorem [T] as a corollary 
of a more general result. 

Let p be a prime, let q = p*, and let V be an {n + l)-dimensional 
vector space over Fg2 with coordinate functions xo, . . . ,Xn. We denote 
the set of projective points of PG(n, g^), i.e., one- dimensional subspaces 
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of V, by £i, and the set of projective (r — l)-dimensional subspaces 
PG(n,g^), i.e., r-dimensional subspaces of V, by Cr- 

Let H he a Hermitian variety of PG(n, g^). Note that every Hermit- 
ian variety is projectively equivalent to the zeroes of 



E 






Suppose we have r, a vector-space dimension, 1 < r < n, another 
positive integer (3, and a set of points S C Ci with the following inter- 
section property: 

Property I. Every element of £r nieets S" in a number of points which 
is divisible by p^. 

Then we will prove that jS* fl if | is divisible by a certain power of p. 
Note that from the size of a projective (r — l)-space, 

(3 <2t{r- 1) < 2t{n-l). 

Definition 2. Let Ar^i he the (0, l)-matrix, columns indexed by C,\, the 
points, and rows by Cr, the projective (r — 1) -spaces, whose entries are 

"^'^ - \ 0, otherwise; ^ ^ ^" ^ ^ ^'- 
We call Ar^i the incidence matrix between Cr and Ci. 

Consider ¥^i, the space of F^2-valued functions on £i. A useful basis 
for this space is given by the set of monomials [3]: 






It will be helpful to view the entries of Ar^i as coming from some 
p-adic local ring. Let q = p^ and let K = Qp(^g-i) be the unique 
unramified extension of degree t over Qp, the field of p-adic numbers, 
where ^q_i is a primitive (g — l)*"^ root of unity in K. Let R = Zp[^g_i] 
be the ring of integers in K and let p be the unique maximal ideal in R. 
Then the reduction of R (modp) will be ¥q. Define x to be x (modp) 
for X & R. Let Tq be the set of roots of x'' = x in i? (a Teichmiiller 
set) and let T be the Teichmiiller character of F^, so that T(x) = x 
for X & Tq. We adopt the convention that T°(x) = 1, x G Fg, while 
T9-i(0) = 0, and T^-^i^x) = 1, x G F*. We will use T to lift a basis of 
F^i to a basis of R'^^ . 
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For any m G -R, we define Upi^u) to be the p-adic valuation of u. Tliat 
is, h'pi^u) = a a p°' \ u but p""*"^ f u. 

We obtain a /z/fet/ basis i3 for the free module R^^ (see [6] for proof): 

The matrix A^^i can be viewed as a map from F i to F'^a'' (or W2ce 
versa). For instance, let u be the column (0,l)-characteristic vector of 
a point set. Then Ar^iu records the number of points in each (r — 1)- 
dimensional subspace of PG(n, g^). 

In [6| it was shown that B forms a "Smith normal form" basis for 
the map from Ci to Cr'- Let v be the column vector representing an 
element of B. Then A^^iv is the corresponding invariant (a power of p) 
multiplied by an integral vector indexed by Cr- 

We recall the formula for the invariants (stated for Fq2). To each 
nonconstant basis monomial / = Xq° • • • x'^ G B, we associate a pair 
of 2t-tuples, (Ao, . . . , A2t-i) (called the type), and (sq, • • • , ■S2i-i) (called 
the %-type). The type of T(/) is that of /. We expand each exponent 
as 

< ajj < p — 1, 

h = aifi + ai^ip H h ai,2t-iP^*~"^; < i < n, 

< J < 2t - 1. 

Xj = aoj + aij + ■ ■ ■ + ttnj (1) 

'j-l 2t-l 



Then we define 






= ^ X] (p^*-^6. (mod g^ - 1)) (2) 

^ i=0 

and we have the relation Xj = psj+i — Sj (subscripts modulo 2t). The 
numbers (g^ — l)sj are called the twisted degrees of /. The formula we 
want is given as follows. 

Proposition 3 ([6J). Let f (z B he a basis monomial. If f = 1, the 
corresponding p-adic invariant is 1. Otherwise let the H-type of f be 
(so, . . . , S2t-i). Then the corresponding p-adic invariant for the map 
^r,i from F i to F^a' is given by p", where 

a = y^ max{0, r — Sj}. 
j=o 
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For any integer u, we also define define ap{u) to be the ]9-adic digit 
sum. That is, if 

m m 

u = 2^ UjfP , < Uj < p — 1, < j < m, then ap{u) = >^ Uj. 
3=0 j=o 

Note that crp{uiU2) < o-p{ui)ap{u2), o'p{ui+U2) < o-p{ui) + ap{u2) , and 

n 2t~l 2t~l 

for f = Xq ■ ■ ■ x'^ of type (Aq, . . . , A2i-i). Here, 6j is taken as the least 
positive residue modulo (g^ — 1), unless it is already zero. Note that 
reduction to the least positive residue may reduce <Jp{bi), but never 
increase it. 

We use the fact that 

T{a + b) = {T{a)+T{b)f (mod g^, fora,6GFg, 

for any positive integer i, which enables us to bring the Teichmiiller 
character inside the parentheses [H]. 

Let H be the Hermitian variety given by 

n 
i=0 

Then we take H as the complement of H in PG(n,g^). Consider the 
characteristic function: 

Xh-- Ci -^ {0,l}ci? 

XH{{{XO,Xl,---,Xn))) = T i^xl^^ 



, j=0 



g2l+1^^2l 



= Q^T(x,)^+M modg^^. (4) 



, j=0 



We see that each term in the expansion of the RHS of (jl]) has the form 

■^21+1 _ q2 
"^0) • • • ; "^n , 



,2^+1 „2e 

j=0 



^ ^ 1 TTT('a;)(«+^)''» 



where ^"^g h = q^^^^—q^^. From Legendre's formula, i'p{n\) = !iz^£M, 
we have 

/ 2£+l _ 2£\ " 
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Since 

2ap{ki) > ap ((g + l)ki) > (7p{bi), 

where bi is the least positive residue oi {q + l)ki modulo (g^ — 1), if 
ki > 0, we substitute from ([3]) to obtain 

(2£+l 2£\ -| 24—1 24—1 

where (Aq, . . . , A24-1) and (sq, . . . , S24-1) are the type and "H-type of /. 
In the special case where bo = hi = ■ ■ ■ = bn = (g^ — 1), the "H-type 
is actually not defined in [3], but the same calculation shows that g" 
divides the multinomial coefficient in this case (as if the H-type were 
(n + l,...,n + l)). 
We now consider the set S with Property I. Let 

Xs- Ci ^ {0,1}C/? 

X5(((Xo,Xi,...,X„))) = Xs{.Xo,Xi,...,Xn) 

X5(((0,...,0))) = X5(0,...,0) = 

be the characteristic function of S expressed as a polynomial in T(xo), 
. . ., T(x„). We now assume that xs is restricted to points of V other 
than the origin and use the identity, 

n 

11(1 -^^') = 0' (6) 



1=0 



to eliminate the monomial nr=o-^? ^ • ^'^^ 9 ~ ^sYYi=o'^{^i)^' be 
a monomial term of xs, where cs G -R, and the "H-type of g be 
(sg, . . . , s'2t-i)- Since the monomials form a Smith- normal-form basis 
for the incidence matrix A^^i, our divisibility property {i.e., Property 
I) implies that p^ must divide the product of cs and the invariant cor- 
responding to g (for the matrix A^^i). Thus p^ divides the constant 
term, and for each nonconstant term g., we get 

24-1 

Topics) + ^ max{0, r - s'^} > (3, 
j=o 
or 

f ^*~^ 1 

^pics) > max < 0, /3 — 2rt + >^ min{r, s'j} > . (7) 

I i=o J 

Observe that 

x=(3;o,a;i,...,x„)GV 
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since the function we have for xtt evaluates to zero at the origin. Let 



be some term in the expansion of the RHS of (jl]) with "H-type 
(so,...,S2t-i), and let 

n 
i=0 

be some monomial term of xs with 7{-type (sq, . . . , S2i_i). We wish to 
show that a certain power of p always divides 



Y.f9 = CT,csJ2UTi^^^'"^''^ 



xey 


xev 1=0 




i=0 XiGF^2 


Since 




IJ nxy = < 


0, if j^0(g2-l), 
[ g2 _ 1^ if ^- > 0, J = (g2 



we only need to consider terms with hi + h'^ G {0, q^ — 1, 2(g^ ~ 1)}) < 
i < n. We first suppose that hi + h[ = q^ — 1 for < z < n. In this case, 
fg has total degree (g^ — 1)(?t, + 1), and all the twisted degrees also are 
(g2 - l)(n + 1). Therefore Sj + s^- = ra + 1, < j < 2t - 1. Now, 

2z/p(c;f^C5) > ^{sj - 1) + 2 max <^ 0, /3 - 2rt + ^ min{r, s'^} \ (9) 

2t-l j' 2t-l 

= ^(ri - s'j) + max <! 0, 2/3 - 4rt + 2 ^ min{r, s'^} 
i=o I j=o 

Notice that increasing one s'- by one decreases the sum by one if 
s'. > r or if the second term inside the "max" function of ([9]) is negative, 
and it increases the sum by one otherwise. Therefore the minimum 
value of the sum can be achieved by choosing all the s'^ to be either 1 
or n, except for one value, say Sq, to be in the range 1 < s'q < r. If 
r — s'- < n — r, the sum does not increase if we change the value to 
s'j = n. Therefore, if r < (n + l)/2, the right-hand side is minimized 
if we always pick s'- = n. If r > (n + l)/2, the right-hand side is 
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minimized in one of two ways: either we choose s'- G {1, n}, j > 0, and 
Sq as necessary to make the second term on the RHS equal to zero, or 
if Sq > 2r — n in that case, we also make Sq = n. 

We also consider the cases where bi + b'^ E {0, 2(g^ ~ 1)} for some i. 
If bi = b'i = 0, then Sj + s'j is reduced by 1 for each j, < j < 2t — 1, 
compared to the case where 6j = g^ — 1 and everything else is the 
same, which reduces our estimate for 2h'p{c-ffCs) by 2t, but from ([8]), 
we have an extra factor of g^, which increases our estimate by At. If 
bi = b[ = q"^ — 1, then each Sj is increased by 1, compared to the case 
where 6j = 0, which only increases our estimate. 

Summarizing the results for r > {n + l)/2, we get the smallest esti- 
mate by choosing the number of j such that s' = 1 to be a = |_;3yJ 
and let 7 = /3 — (r — l)a. Then Sq E {r — '~f,n}. 

Since Property I also implies t'p(IS'l) > /3, we have proved the follow- 
ing: 

Theorem 4. Let S G Ci be a set of points with Property I, and let 
H <Z Ci be the point set of a nondegenerate Hermitian variety. Let a 
and 7 be as above and let 

/3, if r< (n + l)/2; 

"(!L^ + niin{^^,7}l, if r > (n + l)/2. 



d 
Then 



/ 1 \sr\H\. 



We note that 6 is approximately 2(r-i) if '^ > ('^ + l)/2. 
Taking ra = r = 2, P = t, and S = U, we have: 

Corollary 5. Let H be a Hermitian unital and let U be an arbitrary 
umtal m PG(2, q^), q = pK Then Up{\H n f/| - 1) > t/2. 

3. Hermitian vs. Buekenhout-Metz unital 

In this section we show that the number of points in the intersection 
of a Hermitian unital and a Buekenhout-Metz unital is always congru- 
ent to 1 (modulo q). The Buekenhout-Metz construction goes as fol- 
lows (see [ini El [I])- Start with an elliptic quadric in A = PG(3, q) C 
PG(4, g) and a regular spread in B = PG(3,g) C PG(4,g) such that 
the plane A n B is a. tangent plane to the quadric. Choose a point 
P on the same spread line as the point of tangency of A n S to the 
quadric and let U* be the cone of P and the quadric. Now construct 
a new plane of order g^, taking as points the points of PG(4, g) \ i? as 
well as the spread lines covering B, and taking as lines the planes of 
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PG(4,g) whose intersection with S is a spread hne, as well as B itself. 
With inclusion as incidence, we always get a translation plane (having 
a regular automorphism group on the image of PG(4, q)\B), and since 
we took a regular spread we get the desarguesian plane PG(2, g^). Fur- 
thermore, the cone U* contains q^ affine points and a spread line. The 
image U C PG(2, q"^) of U* is easily shown to be a unital. 

Every unital produced by the Buekenhout-Metz construction is pro- 
jectively equivalent to 

U^,/, = {{l,y,ay^ + /3|/«+^ + r) | y G F,2,r G F,} U {(0,0, 1)}. 

If a = and /3 ^ Fg then Uo,p is a Hermitian unital. If a 7^ then Ua,(5 
is a unital if and only if the following condition holds: 

(Z?"^ — PY + Aa!^^^ is a nonsquare of Fg, if q is odd; 



TrF,/F2 ( ^^^1 ) = 1, if g is even. 



From z — {ay'^ + Py''^^) = r G Fg (if x = 1) we get the equation 

aV' - ay^ + (/3« - /3)|/'^+^ -^9 + ^ = r-r^ = (10) 

which is satisfied by the affine points of f/a^^. The homogeneous equa- 
tion for the affine points is 

a'^x^y'^^ - ax^^y'^ + (/J"? - /3)x^+V^+i - x^+^z*? + x^^+^z = 0. 

Note that if q is even, then the left-hand side of fITU]) is in Fg, while if q 
is odd, then the square of the left-hand side of fITU]) is in Fg. Therefore 
in either case, raising to the 2(g — 1) power, we get the characteristic 
function over Fg2 for the affine points of the complement of Ua^p- The 
complete characteristic function of the complement of Ua,p-, including 
all the points at infinity other than (0, 0, 1), is 

+ {l-x'i'-^)y^^-\ 

Taking the p-adic Teichmiiller character (modulo q^) of each term 
inside the parentheses and further raising the affine part of the char- 
acteristic function to the q^ power, we finally get the characteristic 
function Xu iii the Galois ring R/q^R {cf. [11], [6]). 

We also need the characteristic function of the Hermitian unital. 
Previously the orientation of the non-Hermitian unital was arbitrary; 
so we could take the simplest form of the equation for the Hermitian 
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unital. Now that the orientation of the B.-M. unital is fixed, we must 
consider a general form for the Hermitian unitah 

(ci,iX + Ci,22/ + Ci^sZy^^ + (C2,1X + C2,2y + £2,3^:)'^^^ 

+ (C3,1X + C3,22/ + 03,32;)'='+^ = 
(c?_ix« + cl^y'' + cl^z'^) ■ (ci,iX + Ci,2Z/ + CI,3Z) (11) 

+ (c^ia;" + c^ay" + £2,3^^) ■ ic2,ix + 02,2!/ + 02,3^:) 

+ (4,1^'^ + 4,2y'^ + 4,3^") ■ (C3,ia; + C3,2Z/ + £3,32:) = 0, 

where the coefficients (c)(3x3) form a nonsingular matrix over Fq2. 
Again we take the Teichmiiller character of x, y, z, and (c) and raise 
to the {q^ — q^) power (since g + 1 powers of Fg2 elements are already 
in ¥q) to get Xhi the characteristic function of the complement of the 
Hermitian unital in the ring R/q^R. 
Our goal is to show that q divides 

X^ Xh{x, y, z) Xt7(a;, 2/, z) = [c^ -\) \H VMJ\. 

As before, we do so by considering the expansion of the product. In 
view of ([8]), we only need to consider terms which arise as the product 
of a monomial term / = CHT{x''^y''^z^^) from the expansion of Xtt and 
a term g = cuT{x^^y^'2z^'i) from the expansion of Xtji satisfying hi + h[ G 
{0,g2-i,2(g2-i)}, ^ = 1,2,3. 

\i hi = h[ = for some z, we already get a factor of q^ from ([8]). 
Otherwise, if hi = h[ = (g^ — 1) for some z, then the twisted degrees 
sum to at least 4(g^ — 1), and either one oi f or g is T{xyzy ~^, or both 
/ and g are of "H-type (2, . . . , 2) (if, for instance, bi = b[ = q^ — 1, 62 = 
63, 63 = 62; aiid 62 + &3 = 1?^ — 1)- In the first case, the coefficient 
oiT{xyzY '^ is divisible by q (eliminating T{xyzY '^ using ^ makes 
this coefficient the constant term). In the second case, both coefficients 
are divisible by q (see ([7]) with (3 = t, r = 2, and Sj = 2, < j < 2t). 
Thus we assume hi + b[ = q"^ — 1. 

Lemma 6. Let (sq, . . . , S2t-i) and (sg, . . . , Sg^.i) be the Ti-types of the 
two monomials f and g decribed above, such that bi + b'^ = q'^ — 1, i = 
1,2,3. Then 

Sj + Sj=3, 0<j<2t- 1. 

Proof: The corresponding twisted degrees of / and g always sum 
to 3(g^ — 1), because the degree of fg is invariant under Frobenius 
twisting. n 
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Unlike the situation in Section [21 we consider the relation between 
the coefficients ch and cu and the shapes of the H-types / and g. Note 
that the "H-type is a 2t-tuple consisting of I's and 2's. 

Lemma 7. Let the H-type of fn be {sq, . . . , S2t-i) and let 

^ = |{j I < j < t - 1, Sj = 1, and Sj+t = l}\- 

Then ch is divisible by p^"^. 

Proof: We expand flTTj) to get 9 terms, each of the form Vi = cfKJ)'^, i G 
{1, . . . , 9}, where c G Fq2, and each of ^ and is one of x, y, or z. Then 
we raise to the power q^ — q^ and take the Teichmiiller lifting to get 



»- E u!,.:'*jnn".)Mmod,^ 



j=i 



From Legendre's formula we have the p-adic valuation of the multino- 
mial coefficient is 

— 7(^p(^i)H ^(yp{h)-(yp{q^-q^)) = — tM^^)^ \-ap{kg))-t 

p — 1 p — I 

where cxp again indicates the p-adic digit sum. 

We consider how the digits of ki contribute to the A-sums (^ of the 
monomial. Let hi = /cj,o + ^i,iP+' ■ ■ + ki,2t-ip'^^~^ and Vi = cficp'^. We can 
think of the digit kij as contributing once to Xj (via /i) and once to Xj+t 
(via 0, where the subscript is modulo 2t). In fact, if there is no carry 
when we collect the exponents of x, y, and z, with kij = 0, i = 1,2, 3, 
whenever j < 2t, then 

9 

Xj = Xj+t = "^{hj + ki,j+t)^ < j < t, 

i=l 

Sj = Sj+t, <j <t, 

a{ki) + ■ ■ ■ + a{kg) = Ao + --- + Ai_i 

= A( + ■ ■ ■ + A2t+i. 

In this case, the lemma is a special case of i^ with equality throughout. 

If there is a carry when we collect the exponents and reduce (mod 
g^ — 1), say a carry from the (j — 1)*^ place to the j*^ place, then Aj_i 
is reduced by p and Xj is increased by 1, which means Sj is decreased 
by 1 and all the other s in the type are not affected. Since a carry can 
only increase the value of ^ and not decrease it, the lemma holds in 
this case too. D 

We have a complementary lemma for the Buekenhout-Metz case. 
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Lemma 8. Let g = cuT{x^'^y^'^z^'^) he a term of xu o.i^d let the Ti-type 
of gu be (sq, . . . , s'2i_i) and let 

e = |{J I < J < t - 1, s, = 2, and s,+t = 2}|. 

Then cu is divisible by p^. 

Proof: We first consider the case that one of the exponents b[, 62, or 
63 is or (g^ — 1). Then the other two exponents are either or (g^ — 1), 
or else their sum is (g^ — !)• In these cases the A-sums are all the same 
for Aq, . . . , X2t-i- Using ([H]), the coefficient of T[xyzy ~^ becomes the 
constant term, which must be divisible by g = p'^, by Proposition [3] 
and the discussion following ([6]). We are left with the cases that the 
?/-type of the monomial is either (1, . . . , 1), or (2, . . . , 2). If the H-type 
is (1, . . . , 1), there is nothing to prove. We already showed (see ([7])) 
that the coefficients of monomials of H-type (2, . . . , 2) are divisible by 

Now we consider terms in which h'^, h^., and 63 are all strictly between 
and g^ — 1. We find it convenient at this point to go back to the affine 
version of Xu- That is, we assume x = 1 and do not write it. We have 



(r(a V) - T{ay^) + T(/3'? - P)T{yy+^ - Tizf + T{z)) 



■2{q^-q) 



We remember that each term has a nonzero power of x. The only terms 
we have dropped are 

(l-T{xf-^)T{yf^\ 

which we have already considered. A typical term is 

C ■ D ■ 2'('-y')2<jfci+2fc2+<?fc3+fc32^('2'\<?fc4+A:5 (\2^ 

where C = {-lf''+''^T{ay^^+'"^T{l3'' - (3)''^, ki + ■ ■ ■ + k^ = 2{q^ - g), 

/2(g2 - g)\ 
and D = { ] . We will show that the multinomial coefficient 

\ki,...,k5j 

is divisible by p^. 

Recall that the p-adic valuation of D is the number of carries in 
ki-\ hh = 2(g2-g). So if 

ki = hi^2tP^^ H \- K\P + ^i,o, 1 < ^ < 5, 
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and Cj represents the carry from the (j — 1)**^ place to the j*^ place, 
then 

hifi -\ h h^fi -pci = 

hij + ■ ■ ■ + h^j +Cj —pCj^i = for < j < t 

/ii.tH h/i5,t +ct -pct+i = p-2 

hi,j + ■ ■ ■ + /i5,j +Cj —pcj^i = p — 1 for t < j < 2t 

hl,2t H h /l5,2t +C2t = 1, 

and i^p{D) = Ci + ■ ■ ■ + C2t- For some j, I < j < t, assume that 
Cj = Cj^t = 0, so that this position does not contribute to I'p^D). 
Clearly also Ci = ■ ■ ■ = Cj_i = and we have /ij q = ■ ■ ■ = /ijj_i = for 
each i. Then 

j+t-l 5 

£=0 i=l 

(/iij + ■ ■ ■ + /i5j) + ■ ■ ■ + (/ii,i+t-i + ■ ■ ■ + hj+t-i)p^'^ =q- 2p*~-''; 

Adding the last two expressions, multiplying by (g + 1), grouping the 
terms, and using the formula for the twisted degrees of each ki, i = 
1, . . . , 5, it immediately follows that 

5 

Y^ (y-^ki mod g^ - 1) + {p^^~^ki mod q^ - 1)) = g^ - 1, (13) 

2=1 

where each of the terms in (TT3|) is reduced before adding. 

We want to decide whether Sj and Sj+i can both be 2 in the "H-type 
of this monomial. From ([2]) we have, since h'^ < q^ — 1, 

E = {q^-l){s,+s,+t-2) 

3 

= Y^ {p^''^b[ mod {q^ - 1) + p'-^b[ mod {q^ - 1)) 

i=l 

- 2(g^-l) 

3 3 

i=2 i=2 
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Substituting for h'2 and 63 from ( TT2|) . distributing the (mod q^ — 1) 
operation, and using f lT^ . we have 

E < p^^'\2qki + 2k2 + qh + k3) mod (g^ - 1) 

+ p^~^ {2qki + 2k2 + qk3 + k^) mod (g^ - 1) 

+ p^^-^{qk^ + k^) mod(g2-l) 

+ p^'J^qki + fcs) mod (g^ - 1) 
3 

< 2 ^ Up^-^ki mod g^ - 1) + {p^^'^ki mod g^ - 1) 

i=l 
5 

+ Y^ Up'-^ki mod g^ - 1) + {p^'-^h mod g^ - 1)) 

< 2(g2-l), 

where the last inequahty is again strict because we assumed 63 > 0. 
We now have 

Sj + Sj+t < 4. 

and the lemma is proved. D 

With Lemma [7] and Lemma [S] we have proved the conjecture of Baker 
and Ebert in the Buekenhout-Metz case. 

Theorem 9. The number of points in the intersection of a Hermitian 
unital and a Buekenhout-Metz unital in PG(2,g^) is congruent to 1 
modulo q. 

Numerical evidence suggests that the Tits unital (in desarguesian 
planes of order an odd power of two) also satisfy the conjecture of 
Baker and Ebert. In that case, Lemma [S] is not satisfied for individual 
terms of the expansion. 



4. Two Hermitian varieties 
Here we generalize Kestenband's result for two Hermitian unitals. 

Theorem 10. Let Hi and H2 he two nondegenerate Hermitian vari- 
eties in PG(n, g^). Then 

g"-^ \\HinH2\. 

Proof: Let the "H-types of / and g be (sq, . . . , S2t~i) and (n + 1 — 
So, . . . , n + 1 — S2t-i) and use ([5]). D 
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